Dynamical test of constituent quark models with $\pi N$ reactions by Yoshimoto, T et al.
Dynamical Test of Constituent Quark Models with N Reactions
T. Yoshimoto1, T. Sato1, M. Arima2, and T.-S. H. Lee3
1 Department of Physics, Osaka University, Toyonaka, Osaka, 560-0043, Japan
2 Department of Physics, Osaka City University, Osaka, 558-8585, Japan
3 Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
(August 17, 1999)
Abstract
A dynamical approach is developed to predict the piN scattering amplitudes
starting with the constituent quark models. The first step is to apply a vari-
ational method to solve the three-quark bound state problem. The resulting
wave functions are used to calculate the N ! piN, ηN, pi∆ vertex functions
by assuming that the pi and η mesons couple directly to quarks. These vertex
functions and the predicted baryon bare masses then define a Hamiltonian for
piN reactions. We apply a unitary transformation method to derive from the
constructed Hamiltonian a multi-channel and multi-resonance reaction model
for predicting the piN scattering amplitudes up to W = 2 GeV. With the pa-
rameters constrained by the ∆(1232) excitation, we have examined the extent
to which the piN scattering in S11 channel can be described by the constituent
quark models based on the one-gluon-exchange or one-meson-exchange mech-
anisms. It is found that the data seem to favor the spin-spin interaction due
to one-meson-exchange and the tensor interaction due to one-gluon-exchange.
A phenomenological quark-quark potential has been constructed to reproduce
the S11 amplitude.




The constituent quark models have long been used to investigate the structure of nucleon
resonances. Most of the earlier works [1{4] were based on phenomenological forms of residual
quark-quark (qq) interactions. With the development of Quantum Chromodynamics(QCD),
a more fundamental approach was developed [5{7] by assuming that the residual qq inter-
actions can be parameterized as the Fermi-Breit form of one-gluon-exchange mechanism [8].
In recent years, an alternative approach has been developed [9{11] based on the assumption
that the residual qq-interaction is due to the exchange of octet Goldstone bosons. With
appropriate phenomenological tuning, both approaches can reproduce the general structure
of the baryon spectra listed by Particle Data Group (PDG) [12]. Some attempts [13{15]
have also been made to develop hybrid models including both one-gluon-exchange and one-
meson-exchange quark-quark interactions. To make progress, it is important to develop an
approach to distinguish all of these constituent quark models using additional experimental
data.
The main question we want to address in this work is how the constituent quark models
can be tested against the N scattering data. It is common to compare their predicted
masses and decay widths with the data listed by PDG. All calculations of decay widths have
been done [16{21] perturbatively. For example, the width of the decay of N into a N state
is calculated by evaluating the matrix element hNjO(k)jNi with an appropriate operator
O(k) describing how pions are coupled to quarks. The interactions between the outgoing
mesons and baryons are neglected. It has been found that such a perturbative calculation
can at best describe the general qualitative trend of the data, but not the quantitative
details. For example, the widths of N(1535) ! N; N;  predicted by Ref. [20] are
(14:70:5; 14:60:4; 1:40:3) MeV1=2 , which do not seem in quantitative agreement with
the empirical values (8:0 2:8; 8:1 0:8; 0:) MeV1=2 determined in Ref. [22].
It is important to note here that the PDG’s values are extracted from the experimental
N amplitudes which contain both resonant and non-resonant components. In most partial
waves, the non-resonant mechanisms are important ; one can see this from the fact that most
of the resonances identied by PDG are in fact not visible in N and γN cross section data.
By the unitarity condition, therefore the extracted resonance parameters "inherently" con-
tain non-resonant contributions. Furthermore, the separation of non-resonant components
from the full amplitudes is a model-dependent procedure. The available amplitude analyses
[22{27] have yielded very dierent resonance parameters in many cases. Clearly, except in
a region where the non-resonant contributions are negligibly small, the comparison of the
PDG values (or values from other amplitude analyses) with the decay widths calculated
perturbatively from the constituent quark models could be very misleading. In particular, a
perturbative calculation of decay widths is obviously not valid for cases in which two nearby
resonances in the same partial wave can couple with each other through their coupling with
the meson-nucleon continuum. Similar precautions must also be taken in comparing the
predicted masses with the PDG values. These issues concerning the comparison of the PDG
data with the predictions from constituent quark models were discussed in Ref. [28].
To have a more direct test of constituent quark models, we will explore in this work a
nonperturbative approach that takes account of the unitarity condition and can relate the
N scattering amplitudes directly to the predicted internal quark wave functions of baryons.
2
Our approach is guided by a dynamical model of N and γN reactions developed in Ref.
[29] (SL model). It was shown there that the N and γN reactions up to the (1232)
energy region can be described by the following Hamiltonian
H = H0 + Γ$N;γN + vN;N + vN;γN ; (1)
where Γ!N;γN describes the  $ N; γN transitions, and v; are the non-resonant in-
teractions. It was found that the unitarity condition and the non-resonant interaction v;
can shift the mass of  by about 60 MeV and account for as much as about 40 % of the
M1 strength of the  ! γN decay. This provides an explanation of a long-standing dis-
crepancy between the M1 value predicted by the constituent quark model and the PDG
value. It is therefore natural to conjecture that H0 of Eq. (1) can be identied with the
model Hamiltonian of a constituent quark model, and Γ!N;γN correspond to the decay
amplitudes calculated perturbatively using the resulting baryon wave functions. This as-
sumption is then similar to what was used in a dynamical study [30] of the N scattering
amplitude in S11 channel within a constituent quark model. However, Ref. [30] did not
consider the non-resonant interaction v; and employed very simple internal wave functions
for the N(S11) states. In this work, we will extend the Hamiltonian Eq. (1) to consider
the multi-channel and multi-resonance cases. As a rst step, we will focus on the S11 chan-
nel. We will concentrate on analyzing the dynamical content of our approach in this rather
complex channel.
There have been some attempts to understand the constituent quark models within QCD.
Manohar and Georgi [31] argued that in the kinematic region between the chiral symmetry
breaking scale SB  1 GeV and the QCD connement scale QCD  0:1 − 0:3 GeV, the
eective theory for hadrons is dened by the Lagrangian
L(g;G; ) =  (i@γ −mq) − ig  Gγ − gA
2f
 γγ5 @+     (2)
where mq is the constituent quark mass,  , G
, and  are the elds for constituent quarks ,
gluons, and Goldstone bosons, respectively. The most crucial dynamical assumption of this
approach is that the Goldstone bosons are coupled directly to the constituent quarks by the
flavor SU(3) symmetry characterized by the coupling constant gA=(2f). This is consistent
with the notion that the Goldstone bosons result from the spontaneously breaking of the
approximate chiral symmetry that characterizes the QCD Lagrangian.
The Lagrangian Eq. (2) implies that the constituent quarks could interact with each
other through both the exchanges of gluons and Goldstone bosons. The usual one-gluon-
exchange (OGE) and one-meson-exchange (OME) qq-interaction can be calculated from
Eq. (2) using perturbation theory. This conjecture is supported by a recent Lattice QCD
calculation [32]. In Ref. [32], it was found that the mass splitting between N and  is
largely due to the meson-exchange mechanism. The need of both flavor-independent (i.e.
OGE) and flavor-dependent (i.e. OME) qq-interactions is also suggested by the baryon mass
formula determined in an algebraic approach [21]. In this work, we will take this point of
view and will consider a general constituent quark model which can have both OGE and
OME mechanisms. This model can be reduced to the previously developed OGE or OME
models in some limits.
The meson-quark couplings were also included in other hadron models such as the chi-
ral/cloudy bag models [33]. However the Lagrangian Eq. (2) with mq  200− 300 MeV for
3
up and down quarks is closest to a framework within which one can hope to understand the
dynamical origins of the most often used constituent quark models based on qq-potentials.
Perhaps one can apply the dynamical approach developed in this work to also examine other
hadron models. But this is beyond the scope of this paper.
In section II, we present the model Hamiltonian for baryons and our method for solv-
ing the three-quark bound state problem. The calculations of meson-baryon-baryon vertex
functions are given in section III. A formalism for N reactions is developed in section IV.
In section V, we analyze the dynamical content of our approach within a simple model. The
results and discussions are presented in section VI. Section VII is devoted to conclusions
and discussions on future developments.
II. INTERNAL STRUCTURE OF BARYONS
A. Baryon Hamiltonian
In this exploratory study, we take the simplest, but often used, approach and assume that
the baryon structure can be described in terms of three nonrelativistic constituent quarks.
The model Hamiltonian is of the following familiar form
hB = K + Vconf + Vqq : (3)










where pi is the momentum of the ith quark and P is the center of mass momentum of
the three-quark system. The constituent quark mass mq is taken to be 340 MeV, which is
close to the value used for describing the nucleon magnetic moments within the simple (0s)3





where rij = jri − rjj and c is a constant.
For the residual qq-interaction Vqq in Eq. (3), we rst consider the cases that either the
one-gluon-exchange(OGE) model or the one-meson-exchange(OME) model is used. Both
models are derived from taking the static limits of the one-particle-exchange Feynman am-
plitudes. For the OGE model, following the previous works, we drop its spin-orbit component
and retain only spin-spin and tensor components. The OME model has the same structure
except that it contains a flavor (isospin) dependent factor τ i  τ j. We thus consider the




[σi  σjV(rij) + σi  σjτ i  τ jV (rij) + SijVT (rij) + Sijτ i  τ jVT (rij)] ; (6)
with
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Sij = σi  r^ijσj  r^ij − 1
3
σi  σj : (7)
Here, σi and τ i are respectively the spin and isospin operators for the ith quark. The radial











for i = T; T  . The dierences between the OGE model and OME model are in the choices
of ~Vi(q) for evaluating Eqs. (8)-(9).
1. OGE Model
The OGE model is obtained by taking
~V(q) = −4s
4
hi  ji 1
6m2q
Fg(q) ; (10)
~VT (q) = −4s
4
hi  ji 1
4m2q
Fg(q) ; (11)
~V (q) = 0 ; (12)
~VT (q) = 0 ; (13)
where i is the color SU(3) generator with
h1  2i = −8
3
; (14)
for color singlet baryons considered here, and s is the quark-gluon coupling constant. In






to regularize the interactions at short distances. This is consistent with the notion that the
constituent quarks are not point particles within an eective theory. This regularization of
the qq-potential is essential in obtaining convergent solutions for the bound state problem
dened by the Hamiltonian hB (Eq. (3)). If the potentials are not regularized by form
factors, the ground state energy is not bound from below.
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2. OME Model
Since we only consider baryons with strangeness S = 0, the OME model is dened only
by the exchange of  and  mesons. Because  is isospin singlet, it only contributes to the
isospin independent parts of the potential. On the other hand, the exchange of the isovector





































where fMqq is the meson-quark coupling constant, mM denotes the meson mass. Here, as in






to regularize the potentials at short distances.
If we assume that the NN vertex function can be calculated from the qq interaction
(as dened later in section III), the -quark coupling constant fqq can be related to the










where MN is the observed mass of the nucleon and we use the empirical value g
2
NN=4 = 14.









Since there may be SU(3) symmetry breaking mechanisms, the coupling constant fqq could
be dierent from its SU(3) value. We however do not consider this possibility in dening
the OME model and simply use Eq. (22).
B. Solution of three-quark bound state problem
With the Hamiltonian hB (Eq. (3)) dened above, our rst task is to solve the following
three-body bound state problem in the P = 0 rest frame of the system
6
hBjΨBi = mBjΨBi ; (23)
where jΨBi is the baryon wave function with the label B denoting collectively the spin-
parity J and isospin T ; mB is the mass eigenvalue. We use the diagonalization method
developed in Ref. [34] to solve Eq. (23). The basis states for the diagonalization are formed
from harmonic oscillator wave functions. This choice has two advantages: (1) By using
appropriate Jacobi coordinates, the center of mass motion can be separated exactly from
the intrinsic wave functions, (2) The resulting wave functions have the desired S3 symmetry.
In the diagonalization method, the baryon wave function is expanded as




i jJT ; ii; (24)
where the basis wave functions are of the following antisymmetrized form:




jspaceNL i ⊗ jspinS i
]
(J)
 jflavorT i  j’Ai : (25)
Here  = fspace; spin; flavorg stands for the S3 symmetry of each part of the wave function.
jspaceNL i and jspinS i are the spatial and spin wave functions with the orbital angular momen-
tum L, quanta of harmonic oscillator N , and spin S. They couple to give the total angular
momentum J of the baryon. jflavorT i and j’Ai are the iso-spin and color wave functions,
respectively. The color wave function j’Ai is totally antisymmetric. By taking appropriate
coecients ci, the basis state jJT ; ii dened by Eq. (25) is totally antisymmetric.
The coecients aJ
T
i in Eq. (24) and the mass eigenvalues mJT are obtained from
diagonalizing the matrix
Hi;j = hJT ; ijhBjJT ; ji: (26)
In practice diagonalization is performed within a limited number of basis states. Then the
solution of Eq. (23) is a function of the oscillator range parameter b. We treat it as a
variational parameter and nd b by imposing the condition:
@mB
@b
= 0 : (27)
The basis state is chosen so that the mass eigenvalue mJT does not change by further
extension of the basis states. In practice we include the basis states up to 11h!.
For later discussions, we write down here the lowest basis wave functions for N , , and
















; 1i = jS00ijS3=2ijS3=2ij’Ai ; (29)




; 1i = 1
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; 2i = 1p
2
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where SNL denotes a state which is totally symmetric with respect to the interchange of any
pair of quarks, and 
MS(MA)
NL denote states with mixed symmetries. Similar upper indices are
also used to specify the symmetry properties of the spin wave function ji and isospin wave
function ji. The spatial wave function can be explicitly written as
hr;ρjS00i = [R00(r)Y0(r^)⊗R00()Y0(^)](0) ; (32)
hr;ρjMS11 i = −[R00(r)Y0(r^)⊗ R01()Y1(^)](1) ; (33)
hr;ρjMA11 i = [R01(r)Y1(r^)⊗R00()Y0(^)](1) ; (34)
where
r = r1 − r2 ; (35)
ρ = r3 − r1 + r2
2
; (36)
and Rnl, Yl are the radial wave function and spherical harmonics respectively. The spin
and isospin wave functions in Eqs. (28)-(31) can be constructed by using the well known
procedure.
III. MESON-BARYON-BARYON VERTEX FUNCTIONS
Within the constituent quark model, the decay of a baryon (B) into a meson-baryon
(M 0B0) state is determined by the matrix element
ΓyB′M ′;B(k) = hΨB
′
;M 0jHM(k)jΨBi ; (37)
where ΨB is a bound state wave function generated from the above structure calculation, and
HM(k) is an appropriate operator describing how a meson M with a momentum k is emitted
or absorbed by constituent quarks. In most of the previous works [16{19,21], one assumes
that HM(k) is a one-body operator with the parameters determined phenomenologically by
tting some of the partial decay widths listed by PDG. Calculations have also been done
[20] by using the 3P0 model for HM(k).
In this work we assume that HM(k) is a one-body operator which can be derived directly
from the eective Lagrangian Eq. (2) by taking the nonrelativistic limit of the Feynman
amplitude up′γ5γ
kup for the q $Mq transition. To be consistent with the nonrelativistic
treatment of constituent quarks, we keep only the terms up to the order of p=mq. In
















F (k) ; (38)
where  denotes the z-component of pion isospin and pi (p
0
i) is the derivative operator acting
on the initial (nal) baryon wave function; k and ! =
√
m2 + k
2 are the momentum and
energy of pion, respectively. The operator Hqq for the isoscalar  meson can be obtained
from Eq. (38) by replacing the label  by  and dropping the isospin operator .
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We note that the operator structure of Eq. (38) is the same as that used in Refs. [18,21].
In Refs. [18,21], however the coecients in front of each term are treated as free parame-
ters. Here the relative importance between these two terms are xed by the non-relativistic
reduction of the eective Lagrangian Eq. (2). To take into account SU(3) breaking, we will
allow the parameter fqq to deviate from its SU(3) value given by Eq. (22). Furthermore, we
also introduce an additional form factor F (k) to account for the eect due to the nite size
of constituent quarks and mesons. This is consistent with the procedure used above in den-
ing the qq-potential Vqq. However, the constituent quark form factor for the interaction Eq.
(38) could be dierent from that for the eective qq-potential, since the mesons associated
with Hqq are time-like whereas those associated with Vqq are space-like. The constituent
quark form factors used in the meson-quark interactions will be introduced in the section
discussing our results.
With the operator Eq. (38), we nd that the M+Bi ! Bf vertex function can be written
as






 iJY JM(q^)ΓJTBfBi(q)(pf − pi − k) ; (39)
where pi, Ji and Ti (pf , Jf and Tf) are the momentum, spin and isospin of the initial (nal)
baryon, respectively. Their z-components are denoted by Mi and Tiz (Mf and Tfz). T , TZ
and k are the isospin and momentum of meson M ( or ); q is the relative momentum of
the initial meson-baryon system. In the center of mass frame (the rest frame of the nal
baryon Bf ), we obviously have the simplication that pi = −k and q = k. ΓJTBf Bi(k) contains





















khBf jjjjL(23k)[YL ⊗ ](J)T jjjBii
−!M
mq
hBf jjjjJ(23k)[[YJ ⊗r](L) ⊗ ](J)T jjjBii
}
: (40)
If the simple wave functions Eqs. (28)-(31) are used to evaluate Eq.(40), we obtain the
following analytic expressions for the N ! Ni vertex functions
Γ01N∗1 N (k) = 2Γ(k) ; (41)
























where y = b2k2=12. Likewise the N ! Ni vertex functions are found to be
Γ00N∗1 N(k) = Γ
00
N∗2 N
(k) = −Γ(k): (44)
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Γ can be obtained from Γ dened in Eq.(43) by replacing the label  by . Note that the
relative importance of the decay vertex functions of N1 and N

2 is completely determined
by the dierences in their wave functions given in Eqs. (30)-(31).
IV. DYNAMICAL MODEL FOR piN REACTIONS
With the vertex functions dened by Eq. (39), we follow the procedures of the SL model
to develop a dynamical model for N reactions. The starting Hamiltonian is assumed to be
H = H0 +HI ; (45)














Here, byB(bB) and a
y










The baryon mass mB is generated from the structure calculation described in section II,
while we use the experimental value for the meson mass mM .








hΨB′ jHMqqjΨB;MibyB′(p0)bB(p)aM(k) + h.c.
]
: (49)
The above interaction Hamiltonian is similar to that of the SL model, except that the
anti-baryon states are absent here. As discussed in Ref. [29], it is a non-trivial many-body
problem to calculate N reactions with the use of HI . To obtain a manageable reaction
theory, we follow Refs. [29,35] and apply the unitary transformation up to the second order
in HI to derive an eective Hamiltonian. The essence of the unitary transformation method
applied in Ref. [29] is to absorb the unphysical transition B !M 0B0 with mB < mB′ +mM ′
into non-resonant potentials. The resulting eective Hamiltonian then takes the following
form
He = H0 + Γ + Γ
y + v^ ; (50)
where H0 is dened in Eq. (46). The vertex Γ
y contains only the physical decay process





dkdpdp0 hΨB′ ;M 0jHMqqjΨBibyB′(p0)ayM ′(k0)bB(p)(mB − (mB′ +mM ′)) : (51)
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dkdk0dpdp0hΨB′;M 0jv^jΨB;MiayM ′(k0)aM(k)byB′(p0)bB(p): (52)
By translation invariance, the potential matrix element has the following form
hΨB′ ;M 0jv^jΨB;Mi = (p0 + k0 − p− k)hΨB′;M 0jvjΨB;Mi: (53)
To construct the non-resonant interaction v, we are again guided by the SL model.
We rst notice that the low energy S11 scattering amplitude can be reproduced very well
by including the cross nucleon term and -exchange term. We further notice that the -
exchange term in s-wave scattering is equivalent to Weinberg’s contact term. Thus for S11
scattering considered in this work, it is sucient to consider the non-resonant mechanisms
illustrated in Fig. 1. However, we need to extend them to include the transitions to N and
 states.
We write
v = vt + vu: (54)
We derive the u-channel interaction vu (the rst term in the right-hand side of Fig. 1) by
using the unitary transformation method presented in Ref. [29]. All transitions between N ,
N and  states are considered. The resulting matrix elements of vu are of the following
form in the center of mass frame:
hΨB′ ;M 0jvujΨB;Mi =
∑
Bn
hΨB′ jHMqqjΨBn;MiD(k0;k)hΨBn ;M 0jHMqqjΨBi; (55)






B(k) + !M(k)− (Bn(k + k0) + !M(k) + !M ′(k0))
+
1
B′(k0) + !M ′(k0)− (Bn(k + k0) + !M(k) + !M ′(k0))
]
: (56)
For N !  transition with a nucleon intermediate state, D(k0;k) takes a dierent form
D(k0;k) =
1
N (k) + !(k)− (N (k + k0) + !(k) + !(k0)) : (57)
Here B and M denote the baryon and meson states, respectively. An intermediate baryon
state is denoted by Bn. The allowed intermediate states for each process are listed in Table
I. The vertex functions in Eq. (55) can be evaluated by using Eqs. (39)-(40). To obtain
the partial-wave matrix element from Eq. (55), we need to perform the standard angular
momentum and iso-spin projections.
For the -exchange term vt, we assume that it can be replaced by the contact term
illustrated in Fig. 1 and can be calculated from a contact qq interaction and the nucleon
11
wave functions generated from the structure calculations. The assumed meson-quark contact




(qy~q)  ~  _~: (58)
Taking the matrix element of Hcontact, we obtain






0))FN(k − k0)Ft(k)Ft(k0): (59)
Here FN (k) is the iso-vector form factor of the nucleon completely determined by the nucleon
wave function generated from the structure calculation described in section II. Xt and Ft are
a phenomenological strength parameter and a constituent quark form factor, respectively.
These two quantities can be determined by tting the S11 scattering data in the low energy
region where the N excitation eects are negligible. They will be given in section VI.
By using the standard projection operator method [29], it is straightforward to derive
from the eective Hamiltonian Eq. (50) a calculational framework for N reactions. The
transition operator can be written as








~ΓN∗j ; : (60)
Here ;  denote the meson-baryon states N; N and . Ni are mass eigenstates of
Eq. (23). The rst term in Eq. (60) is the non-resonant amplitude involving only the non-
resonant interaction v









= E − "Bγ (p)− !Mγ (k) + i : (62)
The second term in Eq. (60) is the resonant term determined by the dressed N propagator
and the dressed vertex functions:




























The scattering equations dened in Eqs. (60)-(66) are illustrated in Fig. 2. They are
solved in the partial-wave representation using the well-known numerical method in mo-
mentum space. For the S11 channel, we consider three meson-baryon channels N , N , 
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and two N states. In the  channel, we account for the width of the  by modifying the
propagator Eq. (62) as
(p) + M(k) ! (p) + (E − M (k)) + M (k) ; (67)
where the  self-energy, (!), is evaluated using the  ! N vertex function determined
in Ref. [29].
V. RESULTS FROM A SIMPLE MODEL
Within the constituent quark model, the nature of the eective qq-interactions has been
investigated mainly by considering the mass spectrum of nucleon resonances. In this work we
will apply the reaction model developed in previous sections to further pin down the eective
qq-interactions by using the N scattering data. To see the merits of this approach, it is
instructive to rst consider the simplest case in which the N ,  and N are described by
the lowest congurations in the harmonic oscillator basis. The spatial wave functions for N
and  are restricted to s-wave. The N states in S11 channel are due to 1h! excitation and
hence there are only two degenerated states jΨN∗1S = 1=2i and jΨN∗2S = 3=2i. By using
these simple wave functions given explicitly in Eqs. (28)-(31), we are able to obtain analytic
expressions, which facilitates the understanding of the role of each term in the eective qq-
interactions, Eq. (6). In particular, the flavor (isospin) structure of the tensor term will be
shown to be crucial in determining the N scattering amplitudes.
With the simple s-wave wave functions Eqs. (28)-(29), the mass dierence between N
and  is clearly determined solely by the spin-spin interactions of Eq. (6). It is easy to see
 = m −mN = 6hVis − 12hV is: (68)
Here hViiL is the matrix element between two qq-states with relative angular momentum





The standard notations s and p are used for L = 0 and 1, respectively. For the OGE model
dened by Eqs. (10)-(13), we have V = 0 and hVis > 0. For the OME model dened by
Eqs. (16)-(19), we have V = 0 and hV is < 0. From the signs of the coecients in Eq. (68),
we can see that both the OME and OGE models can give a positive  and can be tuned to
account for the -N mass splitting.
For S11 states, we diagonalize a 22 matrix which is obtained by using the wave functions
jΨN∗1S = 1=2i and jΨN∗2S = 3=2i given in Eqs. (30)-(31) to evaluate Eq. (26). Since the
spin-spin interactions in both the OGE and OME models are of short-range ( -function
in r-space), we can neglect their matrix elements between p-wave relative wave functions in
MS11 and 
MA
11 . We then nd that the dierence between the two resulting mass eigenvalues
has the following analytic form
 = mN∗H −mN∗L =
√




where NL and N

H denote respectively the lower and higher mass states. The parameter  in
Eq. (70) has already been xed by the -N mass dierence in Eq. (68). The new parameter
 is determined by the matrix elements of tensor potentials between two p-wave relative
wave functions
 = −6hVT ip + 18hVT ip: (71)
The resulting wave functions for the two N states can be written as
jΨN∗Li = cos jΨN∗1S = 1=2i+ sin jΨN∗2S = 3=2i; (72)
jΨN∗Hi = − sin jΨN∗1S = 1=2i+ cos jΨN∗2S = 3=2i: (73)
The mixing angle  also depends on  and 
tan  = − 2
 +
√
( + )2 + 42
: (74)
The above expressions indicate explicitly how the structure of  is related to that of
N within this simple model. For either of the OGE or OME models, one can adjust their
coupling parameters to t the same -N mass dierence . But the dierence between
their tensor potentials will lead to very dierent  (Eq.(71)), which determines the N mass
splitting  (Eq. (70)) and wave functions (Eqs. (72)-(73)). We note that the signs of hVT ip
evaluated using Eq. (11) for the OGE model and hVT ip evaluated using Eq. (17) for the
OME model are both positive. It is then clear from Eq. (71) that ’s for the OGE model
(VT = 0) and for the OME model (VT = 0) are opposite in sign. Consequently, the phases,
dened by Eq. (74), of the NL and N

H wave functions will be opposite in sign. To see this
more clearly, we show in Figs. 3-4 the dependences of = and mixing coecient sin  on the
parameter =, which measures the strength of the tensor potential. In the region = < −1
where the tensor potential resembles that of the OGE model, the N mass splitting can be
smaller than the N - mass splitting and the mixing coecient sin  is positive. In the
= > 0 region where qq-potential is close to the OME model, the N mass splitting  is
most likely larger than the N - mass splitting  and the mixing coecient sin  becomes
negative. The results shown in Figs. 3 and 4 clearly indicate that the N wave functions
depend strongly on the flavor structure of the tensor potential. We can make the OGE,
OME, or some mixture of OGE and OME models reproduce the same mass splittings  and
, but they will yield very dierent N internal wave functions; the dierence is particularly
visible in the relative phases between the jΨN∗1S = 1=2i and jΨN∗2S = 3=2i components.
We now turn to demonstrating how these dierent model wave functions can be distin-
guished by investigating the N scattering. For this discussion, we neglect the non-resonant
interaction v of Eq. (50) and the  channel. The N scattering amplitude in S11 channel
is then determined only by the predicted N masses and N ! N , N vertex functions.
By using the vertex functions dened by Eq. (39) and the N wave functions Eqs. (30)-(31),
we obtain in the center of mass frame (pf = 0;pi = −k;k = q)
hΨN∗LjHqqjΨN ; i = (−2 cos  + sin )Γ(k) (75)
hΨN∗H jHqqjΨN ; i = (2 sin  + cos )Γ(k) (76)
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for the N ! N transition, and
hΨN∗LjHqqjΨN ; i = (cos  + sin )Γ(k) (77)
hΨN∗H jHqqjΨN ; i = (− sin  + cos )Γ(k) (78)
for the N ! N transition. Here, Γ;(k) are dened by Eq. (43). The above equations
clearly show that the couplings of N states to N and N continuum are completely
dictated by , which is related to the strength of tensor potential  via Eq. (74). This is
illustrated in Figs. 5 and 6. We see that in the = < 0 region where the tensor potential is
close to the flavor independent OGE-type potential (VT ), the lower mass N

L (solid curves)
decays mainly into the N channel while the higher massNH (dotted curves) favors the decay
into the N channel. The situation is reversed in the  > 0 region where the qq-interaction
is close to the flavor dependent OME model (VT ).
The results shown in Figs. 5 and 6 suggest that the OGE and OME models will give
very dierent N scattering amplitudes, even their parameters can be adjusted to give the




. This will be seen in our full
calculations presented in the next section.
VI. RESULTS AND DISCUSSIONS
In this section, we will apply the formulation developed in section IV to explore to what
extent the commonly used OGE and OME constituent quark models can be consistent with
the N scattering amplitudes up to 2 GeV. This is obviously a very dicult task since we
need to consider about 20 partial waves which are known to contain resonance excitations.
As a start, we will focus on the S11 partial wave. This partial wave involves strong coupling
between N and N channels and contains two four-star resonances N(1535) and N(1650).
A further complication of this partial wave is that the position of the rst resonance is very
close to the N production threshold (Wth = 1485:7 MeV). A detailed study of this channel
is therefore a very useful rst step to get some insights into our approach.
While we will only focus on the S11 channel, the model must be also consistent with the
data associated with the well-studied (1236) resonance. Here we will use the information
from the SL model [29] which is consistent with the present formulation and which can
describe the N data up to the  excitation. In our interpretation, the bare mass m = 1300
MeV and bare  ! N form factor determined within the SL model must be reproduced by
our structure calculations. This is a rather strong constraint on the parameters of the spin-
spin parts of the residual qq-interactions and the ranges associated with the form factors.
Another important ingredient in our investigation is the non-resonant interaction v of
Eq. (54). We demand that the constructed non-resonant interactions be consistent with the
S11 amplitude at low energies where the N
 excitation eects are small. This also provided
a signicant constraint in our investigation. The  excitation and low energy N data were
not considered in the constituent quark model calculation of N scattering in Ref. [30].
In contrast to usual constituent quark model calculations, the determination of the pa-
rameters in our approach is a highly nonlinear and nonperturbative procedure. For each
constituent quark model considered, we rst carry out extensive structure calculations to
determine the ranges of its parameters in which the -N mass dierence of the SL model
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can be reproduced. For each possible set of parameters within thus determined ranges, we
use the predicted wave functions for N , , and N to calculate various vertex functions
that arise from the qq and qq interactions. Using these vertex functions, we then calcu-
late non-resonant potentials. The scattering equations Eqs. (60)-(66) can then be solved.
The comparison of the predicted N amplitudes with the data up to about 2 GeV then
tells us whether this set of parameters is acceptable. This kind of lengthy structure-reaction
calculations have to be done many times for each considered constituent quark model until
the best t to the data has been obtained.
In the next few subsections we present our results.
A. Structure calculations
The baryon mass eigenvalues and wave functions are obtained by diagonalizing the Hamil-
tonian hB dened by Eq. (3) in the space spanned by the wave functions dened by Eq.
(25). The variational condition Eq. (27) is imposed to determine the oscillator parameter
b. For all of the models considered in this work, we nd that it is necessary to include
congurations up to 11h!.
In the one-gluon-exchange (OGE) model dened by Eqs. (10)-(13), the parameters are
the vertex cuto g, quark-gluon coupling constant s, and the strength c of a connement
potential. We nd that the -N mass splitting depends strongly on the parameters g and
s. This is illustrated in Fig. 7, where the nucleon mass is normalized to 940 MeV. We see
that as s is increased from 0.8 (solid curve) to 1.6 (dot-dashed curve), m = 1300 MeV
can be reproduced only when the cuto g is reduced from about 1500 MeV to about 600
MeV. Similar results are obtained also for other values of the connement parameter c.
The N masses are found to be sensitive to c. In Fig. 8 we see that for a wide range of
s, the lower mass mN∗L can change by about 200 MeV as c is increased from 3 fm
−2 (solid




 200 MeV is
less sensitive to c, as illustrated in Fig. 9. Since the non-resonant interactions are weak in
the N region, we expect that the parameters must be chosen to yield mN∗L  1500 - 1600
MeV. From Figs. 7-8, we see that such values of mN∗
L
and m = 1300 MeV can be obtained
by choosing g  1100 MeV, c  4 fm−2, and s  1.
In the one-meson-exchange (OME) model dened by Eqs. (16)-(19), the parameters are
vertex cutos , , and the strength c of the connement potential. Here the meson-
quark coupling constants fqq and fqq are xed by Eqs. (21)-(22) using the standard NN
coupling constant gNN and SU(3) symmetry.
Since the contribution of -exchange potential is rather weak, the structure calculations
are rather insensitive to the range of its cuto . We set  = 1000 MeV for simplicity.
The -N mass splitting is then determined by the parameters  and c alone. In Fig.
10, we see that m is rather sensitive to the cuto . We also nd that the N

L mass is





is shown in Fig. 12. We notice here that mN∗H − mN∗L  300MeV, which is about a factor
2 larger than the OGE model value [Fig. 9]. This is mainly due to the fact that the OME
model has a much stronger tensor matrix element, as illustrated in Eq. (71) using the simple
model. To obtain m = 1300 MeV and mN∗L  1600 MeV, we need to use   1100 MeV
and c  2− 3 fm−2.
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The structure calculations discussed above only identify the possible ranges of the pa-
rameters for the OGE and OME models. To further pin down the parameters, we now turn
to discussing our reaction calculations.
B. Reaction calculations
As explained in section IV, the rst step to perform reaction calculations is to use the
wave functions from structure calculations to calculate various vertex functions using Eqs.
(39)-(40). We rst notice that all of the predicted  ! N vertex functions are too hard
compared with the bare vertex function of the SL model. See the dashed curves in Fig.
13. Furthermore, no sensible N scattering results can be obtained with such hard vertex
functions. We therefore follow previous works to introduce a constituent quark form factor
to further regularize the predicted vertex functions. The solid curve in Fig. 13, which is close






Another phenomenological aspect in our calculations is to allow the qq coupling constant









where Xqq is a phenomenological parameter that is allowed to vary along with the param-
eters k0 and k [Eq. (79)] in tting the N amplitudes.
The next step is to x the non-resonant potential vt dened by Eq. (59) in the low energy
region where the N excitation eects are negligible. We nd that the data up to W  1300
MeV can be described well if we take Xt = 0:7 and set Ft(k) as a dipole form with a 500 MeV
cuto mass. A monopole constituent quark form factor with 1 GeV cuto is also included
to soften the vertex functions of the u-channel interaction vu (the rst term of Fig. 1).
We have found that both the OGE and OME models, as dened in this work, can give a
good description of the S11 amplitudes up to W < about 1500 MeV. They however can not
describe the data at higher energies. The best results we have obtained are shown in Figs.
14-15. We see that the OGE model can reproduce the rapid change in phase at W  1500
MeV, while the OME model fails completely. The resulting parameters are listed in Tables
II-III for the structure calculations and in Table IV for the calculations of N ! N , N ,
 form factors.
To understand the dierences between the OGE and OME models, we show in Figs.
16-18 the vertex functions calculated using the best-t parameters listed in Tables II and
III. Generally the spin-flavor structure of qq-interaction strongly influences the predicted
vertex functions. For the N ! N vertex functions (Fig. 16), NL and NH have almost
the same strength in the OGE model, while NL decays more strongly than N

H in the OME
model. This can be understood by simply considering the two main 1h! components of
N given in the rst two rows of Table V. The main dierence between the wave functions
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of the OGE and OME models is in the relative sign between the S = 1=2 and S = 3=2
components. This is due to the flavor structure of tensor potential as illustrated in Fig. 4 in
section V. This dierence in the structure of N wave functions also plays an important role
for the N ! N strength, as seen in Fig. 17. In the OGE model the strength of NL ! N
is stronger than NH ! N , while the situation is opposite in the OME model. For the
N !  vertex functions compared in Fig. 18, we again see a large dierence between the
two models. The OME model predicts a very weak strength for the higher mass NH .
In a high energy region W > 1500 MeV, we nd that the predicted N scattering
amplitudes are dominated by the resonant term of Eq. (60). Thus the energy dependence
of scattering amplitudes in this region can be clearly understood by examining the N
propagator D(E) dened by Eq. (63). Here we see that the coupling of the N states to
N , N and  continuum can shift their masses by (E). The poles of D(E) are the
resonance positions. These can be obtained by diagonalizing D(E) in the space NL  NH .
The real parts of the resulting poles include the mass shifts due to the couplings between the
two N states via meson-baryon continuum, and the imaginary parts are the widths of the
resonances. It is important to note here that these eects due to meson-baryon continuum
are not included in the structure calculations described in section II or any of the existing
constituent quark model calculations. In Fig. 19 we show the resulting mass eigenvalues
of D(E). The intersections between the mass eigenvalues and the dotted lines representing
Re(E) = W are the resonance positions. In our t, Xqq and the constituent quark form
factors are adjusted for each model so that the resonance position for NL lies around 1535
MeV, the PDG value. However, the predicted position for NH depend very much on the
model. In the OME model the resonance position of NH is  1900 MeV which is clearly too
high compared with the PDG value, 1650 MeV. Even in the OGE model it is still too high
 1800 MeV. This is the main diculty we have in tting the data at high energies. If we
choose parameters that t a lower resonance position for NH , N

L becomes too light and the
data below W < 1500 MeV can not be tted at all.
In addition to the resonance positions, the OGE and OME models dier also in the
energy dependence of the imaginary parts of the self-energy (E). This is illustrated in Fig.
20. The strong energy dependence of the imaginary part for NL of the OGE model is due
to its stronger coupling with the N channel, as seen in Fig. 17(a). This leads to a very
strong energy dependence due to the opening of N threshold; see the solid curve of Fig.
20(a). The strong coupling of NL to the N channel is essential in reproducing the rapid
change in phase shift around W = 1500 MeV. This feature can not be generated by the
OME model within which the N channel is mainly coupled to the higher mass NH , as can
be seen in Fig. 17(b) and 20(b). This is why the OGE model is better than the OME model
in reproducing the data up to about 1550 MeV.
C. Phenomenological model
The above results are qualitatively consistent with the results of the simple model given
in section V. Our ndings are perhaps consistent with a recent phenomenological study
[37] of negative parity nucleon resonances. It was also found there that the eective qq-
interaction is not simply given by the OME mechanism. As an attempt to improve the t
to the S11 amplitude, we have also explored the mixture of OGE and OME models. It turns
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out that such a hybrid model also fails, mainly due to the very disruptive tensor component
of the OME model in determining the phases of wave functions, as discussed in section V.
We therefore turn to investigating a purely phenomenological model. We rst observe
that the reason why the OGE model is better than the OME model in reproducing the main
features of the energy-dependence of the data is that its tensor force yields correct relative
phases between the two N wave functions. Consequently, a successful phenomenological
model should have a flavor independent tensor force similar to that of the OGE model.
Second, we observe that the diculty of the OGE model in reproducing the data at higher
energies is mainly due to its very large mass splitting mN∗H −mN∗L . As discussed in section
V within the simple model, this problem can not be xed within the OGE model unless the
N - mass splitting is not constrained by the SL model. This diculty can be avoided if
we have a short range flavor-dependent spin-spin interaction like that of the OME model.
Qualitatively speaking, the data of  excitation and S11 N scattering seem to favor a tensor
term due to one-gluon-exchange and a spin-spin interaction due to one-meson-exchange.
The above considerations have guided us to explore many phenomenological models. For
example, we have found that the N S11 amplitudes can be much better described by the
following phenomenological model









~VT = 0: (84)
The resulting parameters are listed in Table VI. It is interesting to rst compare the N
wave functions of this model with those of the OGE model. We see in Table V that the
relative phases between the S = 1=2 and S = 3=2 components in the N wave functions
are the same in the two models. We therefore expect that the N ! N; N;  vertex
functions also must be qualitatively very similar. However, we see from Table V that the
phenomenological model apparently has a stronger tensor potential in mixing the S = 1=2
and S = 3=2 components. As discussed in section V using the simple model, we therefore
expect that the dierences between the NL and N

H vertex functions must be larger than
that of the OGE model. This is exactly what we see by comparing the results in Fig. 21
and Figs. 16(a), 17(a), and 18(a).
According to Tables II and VI, mN∗
H
= 1719:5 MeV for the phenomenological model is
lower than the value 1772.4 MeV of the OGE model. This about 50 MeV shift of mN∗H is
also crucial in improving the t at higher energies.
The results from the phenomenological model are compared with the N data in Figs.
22-23. The predicted N S11 phase shifts and S11 amplitudes become closer to the data than
the OGE model. Moreover the rapid energy-dependent behavior of the phase shift around
W  1500 MeV is reproduced. This behavior is closely related to the sharp structure in the
width of the NL in the solid curve of Fig. 24(b). We also observe that Fig. 24(b) indicates
that below the N threshold  1490 MeV, the imaginary part of D(E) for NH is smaller
than that of NL. The situation is opposite in the OME model (Fig. 20(a)). This change in
the widths is also instrumental in getting better results at energies near N threshold.
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The improvement due to the N mass splitting is clearly reflected in the N scattering
amplitudes in Fig. 23. Compared with the OGE model results (solid curves in Fig. 15), the
peak positions are much better reproduced. However, there are still signicant discrepancies
near the second peak. This can be understood from the pole positions of T-matrix, displayed
in Fig. 24. The position of the second resonance is at about 1700 MeV, still 50MeV higher
than the PDG value, 1650 MeV. On the other hand, the rst resonance position is very close
to the PDG value, 1535 MeV.
Finally the total cross sections of the − + p !  + n reaction predicted by using our
three models (OME, OGE and phenomenological) are compared with data in Fig. 25. Near
the N production threshold, where NL is expected to dominate the cross section, both
the OGE and phenomenological models explain the data well, while the results from the
OME model are too small due to the weak coupling of its NL to the N channel. The
phenomenological model seems to give the best description of both the N amplitudes and
the  production cross sections. The discrepancy with the data at higher energies in Fig. 25
is mainly due to the neglect of non-S11 partial waves.
Our results in this section suggest that the residual qq-interactions within the constituent
quark model are much more complicated than the conventional OGE and OME models.
Within the eective theory dened by the Lagrangian Eq. (2), higher order exchanges of
mesons and gluons must be considered. The phenomenological model we have obtained is
very suggestive. It remains to be seen whether this model is also consistent with the data
of other partial waves.
VII. CONCLUSIONS
We have developed a dynamical approach to predict N scattering amplitudes starting
with the constituent quark models. This is an extension of the dynamical model developed
in Ref. [29] to account for the multi-channel and multi-resonance cases. In this exploratory
investigation, we focus on the N amplitude in the S11 channel and only consider the most
frequently used nonrelativistic constituent quark models based on either the one-gluon-
exchange (OGE) or the one-meson-exchange (OME) quark-quark residual interactions.
The rst step of our calculations is to choose appropriate parameters of the considered
constituent quark models to reproduce the bare parameters associated with the  within the
N model developed in Ref. [29]. Here, we apply a variational method to solve the three-
quark bound state problem. The resulting wave functions are then used to calculate the
N ! N; N;  vertex functions by assuming that the  and  mesons couple directly
to quarks. These vertex functions and the predicted baryon bare masses then dene a
Hamiltonian for N reactions. We apply the unitary transformation method of Ref. [29] to
solve the N scattering problem. The nal parameters of the considered constituent quark
models are determined by tting the N scattering data.
We have found that both the OGE and OME models can reproduce the S11 scattering
amplitudes only up to about W = 1500 MeV. The OGE model is better in reproducing the
rapid change in N phase near the  production threshold, as shown in Fig. 14. However,
both models fail to describe the data at higher energies. The dynamical origins of the
diculties are found to be due to the sensitivities of the predicted N ! N; N vertex
functions to the structure of the assumed residual quark-quark interactions. In particular, it
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is found that the flavor dependent (i j) tensor component of the OME model does not seem
to be favored by the data. On the other hand, the OGE model can describe the data better
if its spin-spin interaction includes a flavor dependent factor. To illustrate this, we have
shown that the data can be reasonably well described (Figs. 22-23) by a phenomenological
model which has a spin-spin interaction from the OME model and a tensor interaction from
the OGE model.
In conclusion, our results indicate that the residual quark-quark interactions within the
nonrelativistic constituent quark model could be much more complicated than the simple
OGE and OME mechanisms. In the future, we need to consider relativistic eects and the
residual quark-quark interactions due to multi-gluon and/or multi-meson exchanges. In ad-
dition, we need to investigate the two-body eects on the calculations of N ! N; N; 
vertex functions. Our investigations in these directions will be published elsewhere.
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TABLES
TABLE I. Baryon states included in the u-channel non-resonant potential.
B0 M 0 B M Bn B0 M 0 B M Bn
N pi N pi N,∆, N ∆ pi N pi N,∆
N η N pi N,N ∆ pi N η ∆
N η N η N,N ∆ pi ∆ pi ∆, N
TABLE II. Parameters and results of masses in the OGE model.
αc [fm−2] αs Λg [MeV] M(NL) M(N

H)
4.0 1.0 1087 1593.5 1772.4
TABLE III. Parameters and results of masses in the OME model.
αc Λ Λ M(NL) M(N

H)
2.5 1139 1000 1565.0 1885.8
TABLE IV. Parameters of Fermi type form factors.
piN ηN pi∆
Xqq k0 ∆k k0 ∆k k0 ∆k
OGE 0.67 5 5 5 6.5 2.40 0.60
OME 1.00 5 5 5 6.5 2.43 0.55
Phenom. 0.48 10 7 10 6 2.45 0.60













S = 1/2 0.8075 −0.1992 −0.7463 0.2093 0.7081 −0.3074
S = 3/2 0.2325 0.7552 0.2948 0.6034 0.3846 0.6623
TABLE VI. Parameters and results of masses in the phenomenological model.
αc α αT Λph M(NL) M(N

H)





FIG. 1. Graphical representation of the non-resonant meson-baryon interaction.
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FIG. 3. Mass splitting δ(Eq.(70)) of N as a function of the matrix element α(Eq.(71) of the




FIG. 4. Mixing coefficient of the N eigenfunctions (Eqs.(72)-(73)) as a function of the matrix






FIG. 5. N ! ηN strength as a function of the matrix element α(Eq.(71)) of the tensor

















FIG. 7. Mass of ∆ as a function of the cutoff Λg in the OGE model. The solid, dashed and
dot-dashed curves are results with αs = 0.8, 1.0 and 1.6, respectively. Here the nucleon mass is









FIG. 8. Mass of NL as a function of αs in the OGE model. The solid, dashed and dot-dashed
curves are results with αc = 3, 4 and 5 fm−2. For each value of αc and αs, the cutoff parameter Λg




















FIG. 10. Mass of ∆ as a function of Λ in the OME model. The solid, dashed and dot-dashed








FIG. 11. Mass of NL as a function of αc in the OME model. The cutoff Λ for each αc is


































FIG. 13. ∆ ! piN vertex function in the OGE model (a) and the OME model (b). The
solid and dashed curves are the vertex functions with and without the quark form factor F (k),






FIG. 14. Phase shifts of the piN scattering in S11 channel. The solid and dashed curves are the












FIG. 15. Same as Fig. 14 except for the real parts (a) and the imaginary parts (b) of the piN
























FIG. 16. N ! piN vertex functions calculated from the OGE model (a) and the OME model










































































FIG. 19. Real parts of the eigenvalues of D(E)(Eq.(63)) calculated from the OGE model (a)
and the OME model (b). The solid and dashed curves correspond to the masses for NL and N

H ,



















































FIG. 21. N ! piN (a), N ! ηN (b), and N ! pi∆ (c) vertex functions in the phenomeno-









FIG. 22. Phase shifts of the piN scattering in S11 channel calculated from the phenomenological











FIG. 23. Same as Fig. 22 except for the real parts (a) and imaginary parts (b) of the piN




















FIG. 24. Real parts (a) and imaginary parts (b) of the eigenvalues of D(E)(Eq.(63)) calculated
from the phenomenological model. The solid and dashed curves correspond to the masses for NL








FIG. 25. Total cross section of pi− + p ! η + n reaction. The dashed, dot-dashed and solid
curves are results of the OME, OGE and phenomenological models. Data are taken from Ref. [36].
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